Abstract. We give a definition of the modular differential equations of weight k for a discrete subgroup for Γ ⊂ SL 2 (R); in this paper we set Γ = SL 2 (Z). We solve such equations admitting regular singularities at elliptic points for SL 2 (Z) in terms of the Eisenstein series and the Gauss hypergeometric series. Furthermore, we give a series of such modular differential equations parametrized by an even integer k, and discuss some properties of solution spaces. We find several equations which are solved by a modular form of weight k.
Introduction
Let H be the complex upper half-plane and τ a variable in H. Let A(τ ) and B(τ ) be meromorphic functions on H which are bounded when (τ ) → ∞. (1) has two linearly independent (over C) modular form solutions of weight k for Γ, this equation is a modular differential equation of weight k for Γ. But the converse is not true in general. It is a fundamental problem to find all modular form solutions of a given modular differential equation. For Γ = SL 2 (Z) with the coefficients A(τ ) and B(τ ) being holomorphic, the problem was extensively studied in M. Kaneko and M. Koike [2] . In particular, they showed that the modular differential equation of weight k for SL 2 (Z) with holomorphic coefficients is essentially unique (see Remark 2 for a precise form).
In this paper, we study modular differential equations which have regular singularities only at the elliptic points for SL 2 (Z). This amounts to allowing the coefficients A(τ ) and B(τ ) to have poles at elliptic points. In §2, we determine the general form of such equations. We give explicit solutions in §3 in terms of hypergeometric functions. In §4, we give a series of the modular differential equations which is parametrized by an even integer k. The solution spaces of the equations in this series contain a modular form of weight k for SL 2 (Z); in particular, for k = 12, 16, 18, 20, 22 and 26, those spaces coincide with the spaces of modular forms of weight k for SL 2 (Z). Moreover the series (parametrized by k) of those solution spaces has some symmetries centered at k = 6, 10, 12, 14, 16 and 20.
Normal form of the modular differential equation
Consider the modular differential equations of weight k for SL 2 (Z) which have regular singularities only at the elliptic points for SL 2 (Z). The main purpose of this section is to give an expression of its coefficients by the Eisenstein series of weight 2, 4 and 6. Certain normalizations will also be made.
Expression of the coefficients of the modular differential equation by the Eisenstein series.
Recall the Eisenstein series E 2 (τ ), E 4 (τ ), and E 6 (τ ) of weights 2, 4, and 6:
and
The form E 2 (τ ) is not quite modular but "quasimodular", and the transformation property is given by 
where
Proof. The function E 4 (τ ) (resp. E 6 (τ )) has simple zeros exactly at the elliptic points equivalent to ρ = e 2π √ −1π/3 (resp. i = √ −1). Because any elliptic point of SL 2 (Z) is equivalent to ρ or i, by the definition of regular singular points, the functions
are holomorphic on H.
Let f and g be linearly independent solutions. By the assumption of modularity of the equation, we see by an elementary calculation that f satisfies
Comparing this with
we have
Assume that there exist an element a b c d ∈ SL 2 (Z) and a point τ 0 ∈ H which satisfy
Since g also satisfies the same relation as (4), we have
in a small neighborhood of τ 0 . This contradicts the linear independence of f and g. Thus we have
From the quasimodular property of E 2 (τ ) as well as the holomorphy of E 4 (τ )E 6 (τ ) · A(τ ), we conclude from equation (5) that the function
is a holomorphic modular form of weight 12 for SL 2 (Z). Because the space of modular forms of weight 12 for SL 2 (Z) is spanned by E 4 (τ ) 3 and E 6 (τ ) 2 , we have equation (2) for some α, β ∈ C. Similarly, the function
is a modular form of weight 24 for SL 2 (Z), the space of such forms being three dimensional and spanned by E 4 (τ )
Thus we have equation (3) for some γ, δ, ∈ C. 
for some α, β, γ, ∈ C.
Proof. The characteristic polynomial of the equation in Theorem A at q = 0 is
By the assumption that the equation has a power series solution 1+c 1 q +c 2 q 2 +· · · , this polynomial should have X = 0 as a solution. Thus we have
Substituting this into (3) and using
we obtain the theorem.
Remark 1. The function ∆(τ ) is the "discriminant" form of weight 12:
If f (τ ) is a solution of a modular differential equation in Theorem A for some α, β, γ, δ, ∈ C, then it is easy to see that the function f (τ )∆(τ ) l is a solution to the modular differential equation of the same type with parameters α, β, γ, δ + l/12, . Thus we may shift solutions by a power of ∆(τ ) to achieve the requirement of Theorem B. 
Hypergeometric expressions of solutions to the modular differential equations
In this section, we express solutions of the differential equation D k (α, β, γ, ) explicitly in terms of E 4 (τ ), E 6 (τ ), the elliptic modular invariant j(τ ), and the Gauss hypergeometric series. Here the elliptic modular invariant j(τ ) is given by
The Gauss hypergeometric differential equation is given as 
which is convergent for |x| < 1. The series F (a, b, c; x) is a solution to (8) when c is not a non-positive integer. Moreover, when a and c (resp. b and c) are negative integers with a > c (resp. b > c), the polynomial (also denoted by F (a, b, c; x) ) which is obtained by truncating the sum of (10) at the point where the numerator vanishes is a solution to (8).
Theorem C. For given α, β, γ, ∈ C, put
and let a and b be the solutions of the equation
Suppose either (i) c is not an integer, or (ii) a and c are negative integers with a > c, or (iii) b and c are negative integers with b > c. Then the differential equation D k (α, β, γ, ) has two linearly independent solutions
Proof. We transform the Gauss hypergeometric equation (8) by a change of variables into the equation D k (α, β, γ, ). First put x = 1728/j(τ ). From (7), we have
Thus equation (8) is transformed into the equation
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where p = c − a − b − 1/2 and q = a + b − 1/3. Secondly, by changing the unknown
and l = 4r + 6s. Equating the coefficients of (6) and those of (15), we have k = 4r + 6s, (16)
The last equation (21) (18) and (20) give a and b as solutions of (14). By (17) and (18) we obtain the value c as in (13). Thus the parameters a, b, c, r, s given as (11)- (14) solve the equations (16)-(21). Since equation (15) comes from the hypergeometric differential equation, this admits two typical solutions (9). This completes the proof.
Remark 3. For the reader's convenience, we give expressions of the parameters a, b, c, r and s in terms of α, β, γ and δ:
where the square roots (1 + 2α) 2 − 16γ and (1 + 3β) 2 − 36 are fixed once and for all.
Remark 4. If we choose
as a solution of (22), we are led to a different hypergeometric equation and hence different expressions of solutions. However, the two expressions are related with each other by the identity
For example, when α = β = γ = δ = = 0, the two expressions (originally due to [2, Theorem 1])
give the same solution.
By using Theorem C, we give a sufficient condition for the differential equation 
By a direct computation using (7), we can check that E 4 (τ ) 3 and E 6 (τ ) 2 are the solutions of (25). Because E 4 (τ ) 3 and E 6 (τ ) 2 constitute a basis of the space of modular forms of weight 12 for SL 2 (Z), we proved the case of k = 12. For other values of k, we proceed just in the same way.
Remark 5. The space of modular forms of weight k for SL 2 (Z) is two dimensional only when k = 12, 18, 20, 22 and 26.
